
Announcements
.

1) Notation on Web work

FITpsacobiai.at#tsEttf

2) Exam 3 Solutions

online under
" files

"

on

Canvas

3) Plc Math - will

count for dual engineering

or CIS Credit



The Definite Integral
.

Let D= [ a ,bJx[c,d]x[e,f ]

be a
box in 1123

,
If

f- f(x,y,Z ) is continuous

on D and real - valued
,

define volume

§f(x,y,z)d€ as
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Note : l ) volume - the

Volume of the region of

integration E can be written as

§ I dv= vol ( E )

2) Visualization - the graph

of w=f(× , y ,
Z ) is 4 -

dimensional . Very to

visualize ! You can visualize

the region of integration E .



fubini 's Theorem
.

Suppose E=[a,bJ×[c,d]×[gf]

and f is continuous on E .

Then

¥"§}⇒¥l×,*dzd€
= §§§fA , y ,z ) dxdzdy

plus four other iterations !



Exanpte
: f ( × ,y,z)=x3y2z6

D= [ 0,2 ]xEyn×[ 1,31

Compute S ×3y2z6dV

13

Just like in 2- dimensions ,

§ xtizbdv

= §x3dx}5dy .§Z6dz



§ isyzbdv

= §x3dx}5dy .§Z6dz

=¥t¥ti¥t
=4.(%).(¥€



In general , if

f(x,y,H=h¥9lT)it)

)

then if B=[ a ,bJ×[c,d]x[ est ]
,

Sfiyy ,HdV}abhµd×§giyldy§klzµ



More general regions :

Just like in 1123
,

if

E is a bounded region in

1123
,

there is a box B

containing E. To compute

§f( x ,y,Z)dV ,
define

gcyy ,z)={
fkhH.cxn.zt.ie

0
,
( x ,y,H not in E



Define

§fkis,HdV=§gwy,z€

Now we handle integrals

Over general regions just as

for 1123
.



Exuded ( tetrahedron )

Let E be the tetrahedron

with vertices ( 0,0 ,
01

( 0,97 )
, ( 0,1 ,

o ) ,
and

(4,0/0) .Find
the

volume of E
.



Vol (E) = S I dr.

E

Draw

[÷¥¥¥f¥÷±



Describe R in the ( x , ] ) - plane :

:t¥×0 E X 1 4 X bounds

0 E y E
-

get
/ y bounds



For the z .bounds
,

0 E Z E ( plane formed by

( 0,97 )
,
( 0 , 1,0 )

( 4,90 ) )

Make equation of the plane
.

.

Vectors
"

on
' ' the plane are

v= 10,971 - ( 4
,0,01=(-4,0/7)

w=

1010,71-1011,01=(9-1,7)

norma1vector=Vxf



i is k i j
Vxw =

- a 07 -4 0

0 - 1 7 o
-

1=(7,28/4)

plane :

(7,28/4) . ( × ,y . 1,2-7=0

7×+289-28+47=0 ,
so

z=7×t28u5#



:< z <
7Xt28y - 28

- Z bounds
- a

= ¥ - 7yt7

VOICE )= Si÷§"

§±"{ dzdydx



vale

)=§:
.ge#*YoD.D.x={(§"C- Eu .

7y+Hd*
EH

= § (
' ¥ .

¥+7916
dx



§ ftpxy .

ftp.7y#u
"

dx

= § y ( - 7¥ . ¥+7 ) In
"

a ×

= § ⇐+ i ) t¥u t Exits +7 ) dx

= § t E th ( It t #dx



= § t E th ( It t #dx

= {EE - ¥ its ldx

= HI- ¥ital !

= uatt - es+5 > o

= ¥x . ¥+3 had



Type Regionsin
Let R be a type I or I

region in 1122 .



Exempt

: Compute

§ oxen dv

whereE is the region

bounded by the paraboloid

y=×2tz3 and the plane

y= U
.



Transformations on
1123

⇐3 1123

T(x , bit ) = ( giyy ,⇒ ,
hky ,

H
,
Klxn ,

ZD

where

g ,h , k : lR3 IR .



The Jacobian

⇒as
,Z÷EEI¥€!÷÷÷D



Change of Variables
.

If T : R3 1R3
,

E a region in 1123
,

Then

S f ( × ,y ,
adv

¥
§f(=nH)lJtt×isH/dvf



Provided : f is continuous ,

E is bounded ,
all the

first - order partials of 9 ,h ,

and K are continuous .

and T is one . to - one

on E
.



Special Coordinate

Systems
.

( Sections 15.8 and 15.9 )

Cylindrical Coordinates

Polar coordinates ,
with a Z !

×= rcoslo ) , y= vivo )
,

Z=Z

r > 0
,

Of 0<2 I



÷( so ,z)=( rcoscohrsinlohz )
,

JT ( x , y ,zl = r

Don't forget the r !



Exempt
:

§ Adv where

E is the region inside

×2+y2=1 ,
above 2=0 ,

and below the ( one

z2= 4×2+45 .

Switch to cylindrical coordinate ,

first draw E
.



Draw E

*€÷#÷:#e
-

E- betony;
sjeenbwabouredi

,



R = region inside 5+5=1

= inside r2= I

= inside r=l
,

so

€
You get the whole Circle , so

0EO<§



Z values go from

xy
- plane to the ( one

2-2=4×2+45 ,
but

only positive Z .values

occur ,
so this is

0tZE2F€



In Cylindrical coordinates ,

Sxsdv ( × . rasa )

E
2r

don't forget !

=§" {
Soreoiortdzdrao

=5¥§f§r3wodz#o



=P "(§§r3asodz#o

=§"(§zracosoohdo

= §2idr?§coiod÷

§
"

negro'do



§
"

negro'do

=e÷+situation
=

t adr= 2¥10 '=±s

final answer ; 2¥



Spherical Coordinates
.

True analog of polar

coordinates in 1123 :

Describe every point

via distance to the

p origin , angle on the xy - plane ,

÷
angle on the yz - plane

.



Picture
.

6
.Q=(×1y,z )

±Ie
= ''

up - down
"

angle

f .
" left - right "

angle



To See 0
, plot the

vector

(;↳xo1
Same 0 as in Cylindrical

Coordinates
.



Transformation

÷

cososincf
y =p Sino

sincez =pas> 0
,

0 ! 0 < 27
,

0<-4 Eh

Jacobian :@dfonr'k+



Exampled
: ( # 25

,
section 15.4 ,

revisited ! )

Find the volume above

z= TE and

below ( inside ) xsty
'tea

,

region f
picture :

IE



VOILE ) = S ldv

E

Describe E !

Use Spherical coordinates

Completely around cone
,

So OE -0 < 2T .



Sphere istyitz 2=1

becomes p 2=1
,

so p=
I

,

0 < p el .

finally , the ( one

Z = fEty2
,

× =p Cos -0

sin
4

y =p Sinosince, so

×2+y2 =Psince
z= p

since



ptinpTpasy
Since = Cosy , so q=If

Is the equation of the

Cone ! So

voice )=§"§§"
"

Psineidydpdo

=
2T ' §Pdp§"sincoldy

= ¥ tcoscailo
" )

= ¥11.01



Example 5
-

i Compute

§sinFEy)dvwhere E is the region

inside both t.tt:4

and xsty2tz2=9 .



Picture

genieE¥¥÷
/

¥y+z2=9



We have both a sphere

and a cylinder ! which

Coordinate system do you

use ?

Try cylindrical

Region of integration R
.

.

×2ty 't
::#



Upper bound on 2- = top

half of Sphere ,

z= FaaEe

Lower bound = bottom half

of sphere z= - ff2

-gFs±z{€



§ sin ( FxE ) dv

eg¥kIHn*iHo
= §t§Fsinfrakroddo

2

= § do § Aps intart
.



§ do § ofpsintarbardr

2

= 2T SA sinter )2rdr:
- ui9±

-

. 2rdr

uc 01=9 ,
u (2) = 5

5

= -2TS Tv sin ( ru ) du

9

=  27 § Tv sinlruldu



For 27 §Fsin( ruldu
,

let
win

dwt 'mTv
2h dw =du

2wdW = du

WC 51=55 , wl 9) =3

The integral becomes

3

UTI S wssinlwldw

rs



3

For UH S wssinlwldw
,

rs

integrate by parts ( tabula . trick)

v

di¥e¥¥ -sings
( w )

we get
3

4 'T fw }o,(w)+2wsinw)t2coHw%
5



3

4T ( - w3o , ( w ) +2 us in ( w ) +2 cos I

w%
5

=  4 IT ( - 9 cos (3) +6 s in 13 ) tcus (3)

t 5 cos E)- drssin ( b )

- 2 cos we ) )

=UTf8os(s)t65nblHcoswst2T5sinla=


